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r(z１－〃M川F(#心M(鐵)肱)］ （３１） ｆＯｒＺｅ〃．clt 
Here，ＬａｎｄｇａｒｅＪＺ×〃n-measurablefimctionsonR＋×RnandFisa
LebesguemeasurablefimctiononR+×RArecursivepreferenceordering元
1８ 
ｏｎ〃isdefinedby：
勿乞Z/＜望>Ｉ(z)三Ｉ(")．（32）
TheintegralfimctionalfOrmofrecursiveutility(31)isverygeneraLA 
typicalcaseineconomicapplicationsappearswhenLandgareautonomous 
andF(t,z)＝exp(-z),whichisthecasestudiedbyEpstein[7,8｝If,more-
over,Ｌ＝-1,ｔｈｅcaseisreducedtoEpsteinandHynes[９１Uzawa[25］ 
investigatedthecaseforF(t,z）＝exp(-z)ａｎｄ９(t,u)＝０(L(u))withan 
increasingfimctionO・Becausedynamicinconsistencystemsfromnonexpo-
nentialdiscountingasemphasizedbyStrotz[241,therecursiveutility(３１） 
caneasilyincorporatedynamicallyinconsistentbehaviorsofdecisionmakers． 
3.2TASRepresentationll 
Assumption3Ｌ（i）Ｌ(t,．）iscontinuousonWandL(.,u)isLebesgue 
measurableonR＋ｆｂｒｅｖｅｒｙｕｅＲ”． 
(ii）ThereexistsomeaeL1(R+,此)ａｎｄα＞Osuchthat
lL(t,u)'二α(t)＋αlulpfOrevery(t,u)ＥＲ＋×Ⅳ．
(iii）Ｆ(t,．）iscontinuousonRMteR＋andFhz)isLebesguemeasur-
ableonR＋ｆＯｒｅｖｅｒｙｚｅＲ． 
(iv)９(t,.）iscontinuousonR洞ａＭＥＲ＋and,(.,u)isLebesguemeasur-
ableonR＋ｆＯｒｅｖｅｒｙｕｅＲｎ． 
(v)ThereexistssomeOELMR+A)suchthat 
lg(t,u)'二０(t）ａＭｅＲ＋fbreveryueW
and 
|FＭ ,伽)’ 三ｐ(t）ａ・ＭＥＲ+、
(vi）Ｌ(t,u)Ｆ(t,z)≦０Ｍ.ｔｅＲ＋fbrevery(Ｍ)ｅＲｎ×Ｒ 
ＡｓｐｒｏｖｅｄｉｎＬｅｍｍａ３､１，therecursiveutilityfUnctionalIisuppersemi-
continuousonzintheLp-normtopologyunderAssumption31・Moreover，
(〃,元)definedby(32)satisfiesdiSjointindependence(Axiom22)anddis-
jointadditivity(Axiom25)whenever〃isadmissible
AssumptionM．（i）Ｌ(t,u)二ＯａＭＥＲ＋fbreverWEW．
1９ 
(ii）Ｆ(t,z)=ＯＭｔｅＲ＋fOreveryzeRandF(t,．）isdecreasingonR 
a・ｅｔｅＲ＋、
(iii）Ｌ(t,.)Ｆ(t,.）isconcaveonW×Ｒａｅ､ｔｅＲ+・
(iv）９(t,．）isconcaveonWaMER十
AsdemonstratedinTheorem32,Ｉｉｓｃｏｎｃａｖｅｏｎ〃underAssumption
32whenever〃isconvexThus,(〃,元)satisfiesconvexity(Axiom28)．
Theorem3・ＬＬｅｔＩ：〃→R6eq7wecuMueutjlitZ/九MjonCLJdc(/ｍｅｄｂ１／
(３１)〃〃jsclosedmt/,eLp-normtopolo9Z/(MAssumPtjoM1Zssqtjs(/ied，
t/ｌｅｎｔ/ZemeezjstsqnZ×’一meqsumルノｉＭｊｏｎｆＲ＋×Ｒｎ一ＲＵ{-｡｡｝
ｓＱｔＷ叩I(z)＝｣F゜八t,z(t)γ(t)`ＭＭＥ〃肌t川e/MCM叩properties：
（i）′(t,．）ｉｓ叩PersemjcwLt伽ｏｕｓｏｎＲ”α・ＭＥＲ＋〔Ｍ（,U）jS
Le6esgue77zeqsum肱ｏ７ＤＲ＋/breue7VueRD．
（ii）Ｔ/Ze花ezjstsomcaeL1(R+,此)〔Ｍβ三Osuchthqt
八t,u)≦α(t)＋ｃｌｕｌｐｑＭｅＲ＋/breuerZ/ＤＥＮ
M…UeT,Ｗｉ…otheri"te川`ＭｈＩ＝ﾉFogpdt伽tsq耐est/Zeco〃
(巾jtiio〃(ihi血"jオハ９(t’0)＝Ｏ仏ＭＥＲ+，ｔｈｅγ↓′(t,.）＝,(t,.）ｏＬＧｔｅＲ＋
凡rthe7wDo7℃，が〃ｊｓｃｌｏｓｅｄｊ７Ｍ/ｕｅｕﾉeqAtopoJo〃ｑｆ〃ｑ７ＤｄｃｏｍﾉalMM
AsswzPtionMjssqtMed,t/､e〃′(t,.)jMconcqUe〃ｅ９ｍｎｄｑｃｔｅＲ十
ContrarytoTheorem21,localsensitivity(Axiom23)andlocalsub-
stitutability(Axiom24)neednotbefUlfilledfbrtherecursivepreference 
ordering（32）ｔｏobtainaTASrepresentationbymeansofTheorem3L 
Thisobservationsuggeststhatonlystrongcontinuity(Axiom21),diSjoint 
independence(Axiom22)anddiSjointadditivity(Axiom25)arepossibly 
suHicientfOrobtaini､gaTASrepresentationinTheorem21・
Theorem3､ldemonstratesthatrecursiveutilityrepresentationscanbe 
reducedtoTASutilityrepresentationsanditleadstothesignificantimpli-
cationfromthepointofviewofapplicationsthatindynamicoptimization 
problems，simpleeconometrictestscannotdistinguishtheshapeofthedis-
countfUnctionFWiig(Ｍ(8))｡s)ofadecisionmaker,thatis,whetherthe 
decisionmaker，sdiscountfimctiondependsonthewholehistoryoftrajec-
toriesornotltiswellknownfromStrotz[24]thattime-varyingdiscount 
factorsmayleadtotime-inconsistentoptilnaldecisions，Thus，ｉｔｉｓｉｍｐｏｓ－ 
ｓｉｂｌｅｔｏｄｅｔｅｒｍｉｎｅｉｆｔｈedecisionmakerisadynamicallyconsistentora 
dynamicallyinconsistentoptimizer． 
2０ 
ContinuityoftheRecursiveUtilitｙ 
Ｌｅｍｍａ３､１．〃Assumptionalissqtia/Ｍ,ｔ/uenns叩persemdcont伽ous
on〃伽ｔ/leLp-no7wztopolo〃、
月CQ/:TheargumentisbasedonSagara[22]Itiseasytoverifythatbythe
growthconditions(ii)ａｎｄ(v)ofAssumption31,ｗｅhave： 
(ﾑﾉ1,Ｍ鰯'１曲)’L(t,ｚに))Ｆ 三(α(t)＋α|z(t)|pγ(t）（33）
ｆＯｒｅｖｅｒｙｚＥ〃ａ・ｅｔｅＲ＋andtheright-handsideoftheinequality
(33）isLebesgueintegrableoverR＋ｆＯｒｅｖｅｒｙｚｅ〃・Thus,Iiswell
definedDefinetheNemytskiioperatorT：〃(R+Ⅲ;Ｗ）－→Ｌ１(R+ル）
ｂｙ(、)(t)＝Ｌ(t,〃(t))Bythecondition(ii)ofAssumption31,thereexist
someaeL1(R+仇)andα＞Osuchthatl(Tz)(t)'三α(t)＋αに(t)|pfbrevery
zeLp(R+仰;Ｒｎ)ａｎｄｔＥＲ+・Thus,ＴｚｅＬ１(R+ル)iswelldefinedfor
everyze〃(R+ル;Ｒｎ).since此isnonatomicbecauseofthenonatomicity
oftheLebesguemeasureandLisaCarath6odoryfimction,itfOllowsthatT 
isboundedandContinuous(seeKrasnoserskii[19,Theorem21])． 
DefinethefimctionRonR＋×Ｌｐ(R+仰;Ｗ)ｂｙ
Ⅱ ,(M⑥)巾）R(t,z)＝Ｆ 
WeshowthatRisaCarath6odoryfUnction,thatis,Ｒ(t,．）iscontinuous 
onLp(R+仰;Ｒｎ)ＭｔｅＲ＋andＲ(.,z)isLebesguemeasurableonR＋for
everyzE〃(R+仰;Ｒｎ)NotefirstthatFisaCarath6odoryfUnctionbythe
condition(iii)ofAssumption31and,hence,itisjointlymeasurableonR+× 
Ｒ(seeFonescaandLeoni[11,Theorem634DThus,themeasurabilityof 
R(.,z)fOreveryze〃(R+仲;Ｗ)isimmediateLet{虹し}beaconvergent
sequenceinD(R+仰;Ｗ)tosomMThen,{ｴﾚ}hasasubsequence(which
wedonotrelabel)suchthatz〃(t)→ｚ(t)〃ａＭｅＲ＋SincetheLebesgue
measureisabsolutelycontinuouswithrespectto/uｐｂｙｔｈｅｐositivityofp， 
wehavemし(t)→ｚ(t)ａｅｔｅＲ＋Sincel9(Ｍ'(t))'二０(t)ＭｔｅＲ＋fOr
eacMandg(t,z"(t))→ｇ(t,z(t))ａＭｅＲ＋bytheconditions(iv)ａｎｄ(v） 
ofAssumption3,１，ｗｅhave： 
隅ﾉ｢，Ｍ,ルノ(`,(Mい))`MMmy#eR＋
bytheLebesguedominatedconvergencetheorem，TherefOre,ｗｅhave： 
ＦＭ,剛鬮１１曲)-ＦＭ,(M(櫛)池） a・ｅｔＥＲ＋、lim 〃一○○
2１ 
TherefOre,Ｒ(t,.）iscontinuousaeteR+、
Definetheoperator,Ｕ〃→Ｌ１(R+),ｂｙ
（叱胖LM`)'ＦＭ,(M(獄'１曲）
Ｂｙ(33),mcisintegrableoverR＋fOreveryrE〃andbythecondition
(vi)ofAssumption31,Ｕｕ三OfOreverWe〃Let{〃し｝beaconvergent
sequencein〃tosomeZe〃・Sincenr"→TzinL1(R+仲),thesequence
{Tz"｝hasasubsequence(whichwedonotrelabel)suchthat(Ｔｍし)(t)→
(Tm)(t)ルーＭｔｅＲ+,and,hence,(Ｔ２’し)(t)→(Ｔｚ)(t)ＭｔｅＲ+Since
(Ｗ')(t)＝(T〃し)(t)Ｒ(t,z")fbreachDand(Ｗ')(t)→(⑩z)(t)ａｅｔｅＲ+，
Fatou，ｓｌｅｍｍａｉｍｐｌｉｅｓ： 
１ＷI(f'ニノｒｗ(w川臺ﾉr(ｈ１Ｉ城ｺﾞ(迦〕
Therefbre,Iisuppersemicontinuousｏｎ〃． □ 
ConcavityoftheRecursiveUtility 
Ｌｅｍｍａａ２．Ｓ叩poset/Lａｔ〃ｉｓco7wezIMssumptjo7z32ZssqtjS/Ｍ,t/Ben
IjSCOnCD7ﾉｅＯ７Ｕ〃．
P’Ｄｑ/:Letzo,z1e〃ａｎｄ入Ｅ[0,1]bearbitraryDefinethefimctionsoｎＲ+byzo(t)＝ﾉii9(Ｍｏ(s))αsandz,(t)＝ﾉiig(Ｍ１(s))daltfOllowsfrom 
Assumption32that： 
い,に)+(1-入'露ⅢＦＭ,(‘ん,仁)+(1-入'鰯化)沖）
二Ｌ(t,Ｍｏ(t)＋(１－入)Ｚ,(t))Ｆ(軌Zo(t)＋(１－小,(t)）
三Ｍ(t,､o(t))Ｆ(t,zo(t))＋(１－入)L(t,z,(t))Ｆ(t,z,(t))，
ａＭｅＲ+,wherethesecondlineusestheconditions(i),（ii)ａｎｄ(iv)of 
Assumption32andthethirdlineemploysthecondition(iii)ofAssumption 
32TherefOre,integratingthisinequalityyieldsI(Ｍｏ＋(１－入)z,)二Ｍ(zo)＋
(１－入)I(z,)． □ 
ProofofTheoremal 
Defineの:Ｌｐ(R+ル;Ｗ)×｣Ｚ→ＲＵ{-｡｡}by：
①'z腓(Ltl:M勝''FM，'M⑤肱川…otherwise． 
2２ 
￣ 
Sinceの(.,Ｒ+)isuppersemicontinuousontheclosedset〃intheLp-norm
topologybyLemma31,itfOllowsthat①(.,Ｒ+）isuppersemicontinuous 
onLp(R+仰;Ｒ")byconstructionNotethatのiscountablyadditiveand
local,andsatisfies①(０，Ａ）＝OfOreveryAe-Z・Thus,①satisfiesthe
conditionsoftherepIesentationtheorembyButtazzoandDalMaso[3](see 
alsotheproofofTheorem21)．TherefOre,thereexistsanormalintegrand 
(-ハＲ＋×Ｗ→ＲＵ{+ＣＯ}withthefbllowingproperties：
(a)ThereexistsomeaeL1(R+ル)ａｎｄβ三Osuchthat
八t,u)≦α(t)＋ＢｌＵｌｐ此-Ｍ.ｔＥＲ＋fOreveryueM
(b)の(z,A)＝ムブ(t,z(t))コル(t)fOreveryzeLp(R+仰iR")andAeZ・
Thus,theconditions(i)and(ii)ofthetheoremareestablishedThecondition 
(b)impliesthatI(z)＝ﾉｉｆ｡'(t,z(t)ﾙ(t)dtfbreveryze〃Theargument
fbrtheuniquenessoftheinteｇｒａｎｄｉｓｓａｍｅａｓｔｈｅｐｒｏｏｆｏｆＴｈｅｏｒｅｍ2.1． 
sinceの(.,Ｒ+)isconcaveanduppersemicontinuousontheBanachspace
Lp(R+ル;Ｒｎ)byLemmas31and32,itisalsoweaklyuppersemicontinuous
onLp(R+仰;Ｒｎ)(seeFonescaandLeoni[11,Proposition426])JTomthe
representationtheorembyButtazzoandDalMaso[31,itfOllowsthat八t,.）
isconcaveonRvza.e，ｔＥＲ＋・ □ 
４ＣｏｎｃｌｕｄｉｎｇＲｅｍａｒｋｓ 
lnthispaper，aTASrepresentationofpreferenceorderingswithaninfinite 
horizonincontinuoustimehasbeenformulatedunderadifIerentsystem 
ofaxiomswiththatofKoopmans[l8IInparticular,thispaperhasnot 
imposedthecontinuoustimeanalogueofhisaxioms,K-monotonicity(Axiom 
26)ａｎｄstationarity(Axiom27),whichjointlyimplythetime-invariance 
ofpreferenceorderingsandplayanimportantrolefbrdeterminingdiscount 
ratesendogenouslyintheKoopmansargument， 
Theuniquediscountfimctionderivedinthispaperisnotdetermined 
axiomatically,butjustaconsequenceoftheabsolutecontinuityoftheun-
derlyingmeasure・Thus，itisdesirabletoobtainacorrespondingTASrep-
resentationincontinuoustime,hopefilllyunderthesametopologicalsetting 
onachoicespace(L･゜withtheesMupnorm),whichmightmakeadirect
comparisonpossiblebetweentheaxiomsincontinuoustimeandthosein 
discreteｔｉｍｅ． 
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